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Abstract
Let X be a Tychonoff space, Y a metrizable space and C(X,Y ) be the space of continuous
functions from X to Y . For a paracompact, locally hemicompact k-space X we characterize compact
subsets of C(X,Y ) topologized with the fine, graph and Krikorian topologies. Our results concerning
compactness in the fine topology greatly generalized those of Spring [Topology Appl. 18 (1984) 87].
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1. Introduction
The fine topology is defined on the set C(X,Y ) of continuous functions from a
topological space X into a metric space (Y, d), and has applications in approximation
theory, differential geometry, and rings of continuous functions [3–5]. Perhaps the first
mention of this topology occurs in the paper of Hewitt [4]. The fine topology is also
sometimes called in the literature the Whitney topology, the Morse topology or the m-
topology.
To consider the fine topology τω [8,4,11], let (Y, d) be a metric space. Then a base for
τω consists of sets of the form
B(f, ε)= {g ∈ C(X,Y ): d(f (x), g(x)) < ε(x) for every x ∈X},
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where ε ∈ C+(X), the set of strictly positive continuous real-valued functions. It is easy to
verify that the topology of uniform convergence τU on C(X,Y ) generated by the metric
d is weaker than the fine topology. It is known that (C(X,R), τω) is not necessarily a
topological vector space [3,9]. In fact (C(X,R), τω) is a topological vector space if and
only if X is pseudocompact, in which case the fine topology is the same as the topology of
uniform convergence.
IfX is a paracompact space and Y a metrizable space, then the fine topology on C(X,Y )
does not depend on the choice of metric on Y [6]. Indeed, Krikorian proved in [6] that if X
is paracompact then the fine topology coincides with the Krikorian topology.
The Krikorian topology τK was introduced by Krikorian [6] and studied also in [1]. This
topology has a base consisting of sets of the form
A((Cα), (Vβ),φ)= {f ∈ C(X,Y ): f (Cα)⊂ Vφ(α)},
where (Cα) is a locally finite closed cover of X, (Vβ) is an open cover of Y and φ maps
α’s into β’s.
It is shown in [1] that even if X is countably paracompact normal the fine topology on
C(X,Y ) does not depend on the choice of a metric on Y , since under these conditions the
fine topology coincides with the graph topology.
The graph topology τΓ was introduced by Naimpally in [10] and has as its basic open
sets, sets of the form {f ∈ C(X,Y ): f ⊂G}, where G is an open subset of X× Y (here f
is identified with its graph).
It is easy to verify that if Y is a metric space, then the fine topology τω and the Krikorian
topology τK are both weaker than the graph topology τΓ on C(X,Y ).
In our paper we are interested in compactness of subsets of C(X,Y ) with respect to
the fine, Krikorian and graph topologies. Compactness in the fine topology was studied by
Spring in [11]; our results greatly generalize Spring’s results.
The following theorem is the main result of our paper.
Theorem 1.1. Let X be a paracompact, locally hemicompact k-space, (Y, d) a metric
space and τ be one of the following topologies: fine, graph, and Krikorian. The following
are equivalent for a subset Q of C(X,Y ):
(1) Q is countably compact in (C(X,Y ), τ );
(2) Q is compact in (C(X,Y ), τ );
(3) Q is sequentially compact in C((X,Y ), τ );
(4) Q is almost compactly supported and Q is compact in (C(X,Y ), τCO), where τCO
is the compact-open topology.
One of the key conditions on X in this theorem is the local hemicompactness, where
a hemicompact space is one that has a sequence of compact subsets that is cofinal in
the family of all compact subsets. The hemicompactness of X is exactly the condition
that makes (C(X,Y ), τCO) metrizable. Of course countably compact, compact, and
sequentially compact are equivalent in a metrizable space.
Throughout the paper, the space of real numbers with the usual topology is denoted by
R, the set of positive real numbers by R+, and the set of positive integers is denoted by N.
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2. Compactness
In what follows let X and Y be Tychonoff spaces and C(X,Y ) be the space of all
continuous functions from X to Y .
Definition 2.1. We define a topology τ on C(X,Y ) to be an ω-type topology provided it
satisfies: if f ∈ C(X,Y ), if {xn}n is a sequence with no cluster point in X, and if, for each
n ∈ N, fn ∈ C(X,Y ) with fn(xn) 6= f (xn), then f has a neighborhood in (C(X,Y ), τ )
that contains no fn for n ∈N.
Of course if η is an ω-type topology, then every finer topology than η is also an ω-type
topology.
Notice that the topology of uniform convergence τU on C(R,R) is not an ω-type
topology.
The following proposition is evident.
Proposition 2.2. The graph topology τΓ is an ω-type topology.
Now we prove that also the fine topology τω is an ω-type topology if X is countably
paracompact.
Proposition 2.3. Let X be a Tychonoff space and (Y, d) be a metric space. If X is
countably paracompact, then the fine topology τω on C(X,Y ) relative to d is an ω-type
topology.
Proof. Let {xn}n be a sequence with no cluster point in X and f ∈ C(X,Y ). Also for
every n ∈ N let fn ∈ C(X,Y ) be such that fn(xn) 6= f (xn). We show that f has a τω-
neighborhood that contains no fn for n ∈N. Let {yn}n be a sequence of all different values
of {xn}n which is a subsequence of {xn}. Since the sequence {yn}n has no cluster point in
X and X is regular there is a sequence of open sets {Vn} such that yn ∈ Vn for every n ∈N
and Vn ∩Vm = ∅ for every n 6=m. The countable paracompactness of X implies that there
exists a locally finite open cover {Gi : i = 0,1,2, . . .} of X such that Gi ⊂ Vi for every
i ∈ N and G0 ⊂X \ {y1, y2, . . . , yn, . . .}. For every i ∈N put B(i)= {k ∈N: xk = yi}, let
ai be the minimum of 1 and min{d(fk(xk), f (xk)): k ∈ B(i)}, and let Hi be an open set in
X such that yi ∈Hi ⊂Hi ⊂Gi . For every i ∈ N let gi be a continuous function from Hi
to [ai,2] such that gi(xi)= ai and gi(Hi \Hi)= 2.
The function ε :X→ R+ defined by ε(x)= gi(x) if x ∈Hi and ε(x)= 2 otherwise, is
a continuous function. It is easy to verify that B(f, ε) contains no fn. 2
Also the Krikorian topology τK is an ω-type topology as the following proposition
shows:
Proposition 2.4. The Krikorian topology τK on C(X,Y ) is an ω-type topology.
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Proof. Let {xn}n be a sequence with no cluster point in X and f ∈ C(X,Y ). Also for
every n ∈ N let fn ∈ C(X,Y ) be such that fn(xn) 6= f (xn). We show that f has a τK -
neighborhood that contains no fn for n ∈N. Let {yn}n be a sequence of all different values
of {xn} which is a subsequence of {xn}n. The family {{yn}: n ∈ N} is a closed discrete
family in X. We can suppose that X 6= {yn: n ∈ N}; the other case is similar. Put C0 = X
and for every n ∈ N put Cn = {yn}. Then the family V = {Ci : i = 0,1,2, . . . , n, . . .} is
a locally finite closed cover of X. For every n ∈ N put B(n) = {k ∈ N: xk = yn}, Vn =
Y \ {fk(xk): k ∈ B(n)} and put V0 = Y . Then the family G = {Vn: n= 0,1,2, . . . , i, . . .}
is an open cover of Y . For every n = 0,1,2, . . . , n, . . . put φ(n) = n. Then we have
f ∈A(V,G, φ) and A(V,G, φ) contains no fn for n ∈N. 2
Definition 2.5. A sequence {fn}n in C(X,Y ) is cofinally supported on a compact set
provided that there exist a compact subset K of X and a subsequence {fnk }k of {fn}n
with fnk  (X \ K) = fnl  (X \ K) for every k, l ∈ N. A sequence {fn} in C(X,Y ) is
residually supported on a compact set provided that there exist a compact subset K of X
and k ∈N such that for every m,n ∈N with m> n> k, fm  (X \K)= fn  (X \K).
Theorem 2.6. Let X be a paracompact locally hemicompact k-space, and let τ be an
ω-type topology on C(X,Y ). Then the following are true:
(1) For every sequence {fn}n in (C(X,Y ), τ ) with a cluster point f there exist a
subsequence {fnk } and a compact set K ⊂ X with fnk  (X \ K) = f  (X \ K)
for every k; i.e., {fn}n is cofinally supported on a compact subset of X.
(2) For every convergent sequence {fn}n in (C(X,Y ), τ ) with a limit point f there exist
a compact set K ⊂X and k ∈N with fn  (X \K)= f  (X \K) for every n> k;
i.e., {fn}n is residually supported on a compact subset of X.
Proof. For every x ∈ X choose a neighborhood Ux of the point x such that Ux is
hemicompact. Let {Fσ : σ ∈ Σ} be a locally finite closed cover of X which refines
{IntUx : x ∈X}. Of course every Fσ is hemicompact too, so we can write Fσ =⋃n∈NKnσ ,
where Knσ is a compact set, Knσ ⊂ Kn+1σ for every n ∈ N and {Knσ : n ∈ N} is cofinal in
the family of compact sets in Fσ . For every x ∈X put I (x)= {σ ∈Σ: x ∈ Fσ }; of course
I (x) is finite for every x ∈X.
For the proof of (1), suppose the {fn}n is a sequence with a cluster point f in
(C(X,Y ), τ ) for which the assertion (1) does not hold.
Choose a σ ∈Σ . There must exist n1 ∈N with fn 6= f for every n> n1 on X \K1σ . Let
xn1 /∈K1σ be such that fn1(xn1) 6= f (xn1). Put
C1 =K1σ ∪
⋃
α∈I (xn1 )
K1α ∪ {xn1}.
There is n2 > n1 with fn 6= f for every n> n2 on X \ C1. For every m ∈ (n1, n2) choose
xm /∈K1σ with fm(xm) 6= f (xm). Put
C2 =
⋃
j62
Kjσ ∪
⋃
j62, n<n2,
α∈I (xn)
Kjα ∪
{
xm: m ∈ (n1, n2)
}
.
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There is n3 > n2 with fn 6= f for every n> n3 on X \C2. For every m ∈ [n2, n3) choose
xm /∈C1 with fm(xm) 6= f (xm). Put
C3 =
⋃
j63
Kjσ ∪
⋃
j63, n<n3,
α∈I (xn)
Kjα ∪
{
xm: m ∈ [n2, n3)
}
.
Continuing we can define an increasing sequence {nk}k of integers, a sequence {Cn}n of
compact sets and a sequence of points {xn}n>n1 with fm(xm) 6= f (xm) for every m> n1.
Now we show that {xn}n>n1 has no cluster point in X. Suppose that {xn}n>n1 has a cluster
point x . Let Ox be a neighborhood of x with Ox ⊂⋃α∈I (x) Fα .
Put A = {xn: n > n1}. Let η ∈ I (x) be such that x is a cluster point of A ∩ Fη .
(A ∩ Fη) \ {x} is not closed. Because X is a k-space, there exists a compact subset B
of X with B ∩ [(A ∩ Fη) \ {x}] not closed in B . The closure, C, of B ∩ [(A ∩ Fη) \ {x}]
is a compact set whose intersection with (A ∩ Fη) \ {x} is infinite. Let Ktη be such that
B ∩ (A∩Fη) \ {x} ⊂Ktη. Choose xm ∈ (A∩Fη) \ {x}. There is k ∈N with m ∈ [nk,nk+1].
If t 6 k then for every l > nk+1, kl /∈Ktη. If t > k then for every l > nt+2 xl /∈Ktη .
Finally, because τ is an ω-type topology and {xn: n> n1} has no cluster point in X, f
has a neighborhood in (C(X,Y ), τ ) that contains no fn for n > n1. Therefore f is not a
cluster point of {fn}n in (C(X,Y ), τ ).
For the proof of (2) suppose that {fn}n is a sequence with a limit point f in (C(X,Y ), τ )
that is not residually supported on a compact subset of X.
For every compact set K and every k ∈ N there is nk > k with fnk 6= f on X \ K .
Choose a σ ∈ Σ . There is n1 ∈ N with fn1 6= f on X \ K1σ . Let xn1 /∈ K1σ be such that
fn1(xn1) 6= f (xn1). Put
C1 =K1σ ∪
⋃
α∈I (xn1 )
K1α ∪ {xn1}.
There is n2 > (max{2, n1} + 1) with fn2 6= f on X \ C1. Let xn2 /∈ C1 be such that
fn2(xn2) 6= f (xn2). Put
C2 =
⋃
j62
Kjσ ∪
⋃
j,i62,
α∈I (xni )
Kjα ∪ {xni : i 6 2}.
Continuing we can define an increasing sequence {nk}k of positive integers, a sequence
{Cn}n of compact sets and a sequence of points {xnk }k with fnk (xnk ) 6= f (xnk ).
The same argument as in part (1) shows that the sequence {xnk }k has no cluster
point in X. Thus f has a neighborhood in (C(X,Y ), τ ) that contains no fnk for k ∈ N.
Therefore {fn}n does not converge to f in (C(X,Y ), τ ), thus completing the proof of the
theorem. 2
In the following considerations we will need the definition of almost supported families
on a compact set.
Definition 2.7. A subset Q of C(X,Y ) is compactly supported provided that there exists
a compact subset K of X such that for all f,g ∈Q, f  (X \K)= g  (X \K). A subset
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Q of C(X,Y ) is almost compactly supported provided that it is the union of finitely many
compactly supported subsets of C(X,Y ).
Theorem 2.8. Let X be a paracompact locally hemicompact k-space, and let τ be an ω-
type topology. Let Q be a countably compact subset of (C(X,Y ), τ ). Then Q is almost
compactly supported.
Proof. We use the same notation as in the proof of Theorem 2.6. Let Q be a countably
compact subset of (C(X,Y ), τ ) and suppose that it is not almost compactly supported.
Choose a σ ∈Σ and f1 ∈Q. There is f2 ∈Q with f2 6= f1 on X \K1σ . Let x11 /∈K1σ be
such that f2(x11) 6= f1(x11). Put
C1 =K1σ ∪
⋃
α∈I (x11 )
K1α ∪
{
x11
}
.
There must exist f3 ∈Q such that f3 6= f1 on X \ C1 and also f3 6= f2 on X \ C1. Let
x12 , x
2
2 /∈ C1 be such that f3(x12) 6= f1(x12 ) and f3(x22) 6= f2(x22 ). Put
C2 =
⋃
j62
Kjσ ∪
⋃
i,j,k62,
α∈I (xik)
Kjα ∪
{
xik: k, i 6 2
}
.
There must exist f4 ∈Q such that f4 6= f3 on X \C2, f4 6= f2 on X \ C2 and f4 6= f1 on
X \C2.
Continuing we can produce sequences of compact sets {Cn}n, of functions {fn}n and
of points {xin}i6n, n∈N such that fn(xjn−1) 6= fj (xjn−1) for every j 6 (n− 1). Let f ∈Q
be a cluster point of {fn}n. By the previous theorem there is a compact set K in X and a
subsequence {fnk }k of {fn}n such that fnk (x)= f (x) for every x /∈K and for every k ∈N.
By the same idea as above we can prove that {xin}i6n, n∈N has no cluster point in X; i.e.,
there is m ∈ N such that xin /∈K for every n>m, i 6 n. Let k ∈ N be such that nk > m.
Then of course fnk 6= f on X \K , a contradiction. 2
Let X,Y be Tychonoff spaces, A⊂X and f ∈ C(X,Y ). Denote by
C(A,f )= {g ∈ C(X,Y ): g  (X \A)= f  (X \A)}.
Theorem 2.9. Let X be a paracompact locally hemicompact k-space. Let τ be an ω-
type topology such that the compact-open topology τCO is weaker than τ and τ = τCO on
C(K,f ) for every compact set K in X and every f ∈ C(X,Y ). Then the following are
equivalent for a subset Q of C(X,Y ):
(1) Q is compact in (C(X,Y ), τ );
(2) Q is almost compactly supported and Q is compact in (C(X,Y ), τCO).
Proof. (1)⇒ (2) By Theorem 2.8, Q is almost compactly supported. By the assumption
τCO ⊂ τ , Q is also compact in (C(X,Y ), τCO).
(2)⇒ (1) LetH be a finite subset of Q andK be a compact set in X such that for every
f ∈Q there is h ∈H with f  (X \K)= h  (X \K). PutQ(h)= {f ∈Q: f  (X \K)=
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h  (X \K)}. ThenQ(h) is compact in (C(X,Y ), τCO) for every h ∈H . Since τCO = τ on
C(K,h) for every h ∈ H , we have that Q(h) is also compact in (C(X,Y ), τ ), thus Q is
compact in (C(X,Y ), τ ). 2
Theorem 2.10. Let X be a paracompact locally hemicompact k-space and Y be a
metrizable space. Let τ be an ω-type topology, such that τCO ⊂ τ on C(X,Y ) and τCO = τ
on C(K,f ) for every compact set K in X and f ∈ C(X,Y ). Then the following are
equivalent for a subset Q in C(X,Y ):
(1) Q is countably compact in (C(X,Y ), τ );
(2) Q is compact in (C(X,Y ), τ );
(3) Q is sequentially compact in (C(X,Y ), τ );
(4) Q is almost compactly supported and Q is compact in (C(X,Y ), τCO).
Proof. (2)⇒ (1) and also (3)⇒ (1) are obvious.
(1)⇒ (4) By Theorem 2.8, Q is almost compactly supported. Let H be a finite subset
of Q and K be a compact set in X such that for every f ∈ Q there is h ∈ H with
f  (X \K)= h  (X \K). Put
Q(h)= {f ∈Q: f  (X \K)= h  (X \K)}.
Then Q(h) is countably compact in (C(X,Y ), τ ) and thus also in (C(X,Y ), τCO). Since
τCO is metrizable on Q(h) it is also compact in (C(X,Y ), τCO); i.e., Q is compact in
(C(X,Y ), τCO).
(4)⇒ (2) by the above theorem. Thus only implication (4)⇒ (3) remains to be proven.
Let again H be a finite subset ofQ andK be a compact set in X such that for every f ∈Q
there is h ∈H with f  (X \K)= h  (X \K). Put again Q(h)= {f ∈Q: f  (X \K)=
h  (X \K)} for every h ∈H . Then Q(h) is sequentially compact in (C(X,Y ), τCO) since
every Q(h) is metrizable in (C(X,Y ), τCO). Since τCO = τ on C(K,h) for every h ∈ H
we have that Q(h) is also sequentially compact in (C(X,Y ), τ ). Thus Q is sequentially
compact in (C(X,Y ), τ ). 2
Both the fine and the graph topology are finer than the topology of uniform convergence
τU . Results concerning the relations between the Krikorian topology and the topology of
uniform convergence τU are given in [1]. Now we prove that the Krikorian topology is also
finer than the compact-open topology τCO.
Proposition 2.11. Let X be a T1 topological space and Y be a regular T1 space. The
compact-open topology τCO on C(X,Y ) is weaker than the Krikorian topology τK on
C(X,Y ).
Proof. Let K be a compact set in X and O be an open set in Y . It is sufficient to show
that the set [K,O] = {g ∈ C(X,Y ): g(K) ⊂O} ∈ τK . Let f ∈ [K,O]. For every x ∈ K
there is an open set V (f (x)) in Y such that f (x) ∈ V (f (x)) and V (f (x)) ⊂ O . Let
x1, x2, . . . , xn ∈K be such that
f (K)⊂
⋃{
V (f (xi)): i = 1,2, . . . , n
}
.
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For every i ∈ {1,2, . . . , n} putUi = f−1(V (f (xi))). ThenU1,U2, . . . ,Un is an open cover
of K . Put further U0 =X \⋃{Ui : i = 1,2, . . . , n}. Clearly f (Ui)⊂ V (f (xi))⊂O .
Put further Ci = O for every i ∈ {1,2, . . . , n} and C0 = Y . The set V = {Ui : i =
1,2, . . . , n} ∪ {U0} is a locally finite closed cover of X and G = {Ci : i = 0,1, . . . , n} is
an open cover of Y . For every i ∈ {0,1, . . . , n} put φ(i)= i . We claim that
f ∈A(V,G, φ)⊂ [K,O].
Let h ∈ A(V,G, φ). Let x ∈ K . Then there is i ∈ {1,2, . . . , n} such that x ∈ Ui , so
h(x) ∈Ci =O . Thus h ∈ [K,O]. 2
Corollary 2.12. LetX be a paracompact locally hemicompact k-space, and let τ be either
the graph topology or the Krikorian topology. Then the following are equivalent for a
subset Q of C(X,Y ):
(1) Q is compact in (C(X,Y ), τ );
(2) Q is almost compactly supported and Q is compact in (C(X,Y ), τCO).
Proof. Both the graph and Krikorian topologies satisfy the assumptions of Theo-
rem 2.9. 2
Theorem 1.1 now also follows because the fine, graph and Krikorian topologies all
satisfy the assumptions of Theorem 2.10.
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